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The focus of this study is on cavitation in the wake of a high-velocity underwater projectile. A physical model
based on the Euler equations is presented in terms of two-phase mixture properties. Mathematical closure is
achieved by providing equations of state for the possible thermodynamic states: compressible liquid, compressible
two-phasemixture,andcompressiblepure vapor. For the operatingconditionsstudied here, allstatesare subcritical.
Theproposed model is solvedusinga hybridcomputationalschemedevelopedto accurately resolvepropertypro� les
across discontinuities. The model is validated with several one-dimensional test cases that have known analytic
solutions. For modeling the hypervelocity underwater projectile, the model is shown to compute unsteady shock-
wave development as well as the projectile-wake cavitation zone. The model is then used to conduct a parametric
study on the affect of � ow and projectile properties on cavitation.

Nomenclature
ai , bi , ci = coef� cients of the Oldenbourg polynomials
Cv = speci� c heat at constant volume
E = speci� c total energy
e = speci� c internal energy
F, G = vector of conservative � uxes
H = vector of axisymmetric terms
K0 = bulk modulus in the Tait equation of state
Lv = latent heat of vaporization
n = density exponent in the Tait equation of state
P = pressure
R = gas constant per unit mass
r = radial coordinate
s = speci� c entropy
T = temperature
t = time
U = vector of conservativevariables
u = z-velocity component
u = velocity vector
V = volume
v = r -velocity component
x = space coordinate
z = longitudinal coordinate
a = volume fraction
q = density

Subscripts

c = properties at the critical point
g = gas
l = liquid
sat = saturation properties
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I. Introduction

M OST theoreticaland numerical studies of cavitation consider
the liquid component to be at a low Mach number and be

incompressible.1¡3 However, when dealing with very-high-velocity
� ows (several kilometers per second) over a rigid projectile, liquid
compressibility, and phase change caused by low pressure, post-
shock expansion regions must also be addressed. The published
literature is limited on this subject.4 This type of high-velocity,
compressible � ow in water can be achieved with detonation-driven
projectiles.5 Similar � ow processesleadingto cavitationcan also oc-
cur when high-pressure liquid fuel is injected at high velocity into
enginecombustionchambers.Some high-pressure-injectiondevices
yield fuel velocities of several hundred meters per second. At the
nozzle inlet throat of such a device, the pressure drop is such that
cavitation effects are predominant. This has serious consequences
on the dynamics of jet atomization.6

The present research focuses on cavitation effects in the wake
of a high-velocity projectile in water. For this unique � ow con� g-
uration it is important to understand and quantify the shape and
thermodynamic behavior of the wake formed in the low-pressure
region behind the projectile because it couples directly with its per-
formance. Cavitation resulting from high-velocity � ow over a pro-
jectile poses many interesting problems such as multidimensional
liquid-phase compressive shocks, liquid–vapor phase change, and
rarefaction waves in both liquid and gaseous components. In addi-
tion, knowledgeof the vapor pocket size and internal density pro� le
is very important if another projectile is expected to propagate in
the wake of the primary projectile. In practice, it is possible for a
secondary projectile to bene� t from the wake effects of a primary,
explosively driven projectile. This is particularly important when
the kinetic energy of the secondaryprojectile is used for impact and
penetration into solid targets.

The main objective of the presentwork is to developand validate
a model for studying the � ow around a high-velocity underwater
projectile. A speci� c goal is to predict the cavitation envelope’s
shape as a function of boundary and � ow conditions. The model
and proposed solution methodology will be validated for a one-
dimensional problem that has a known analytic solution.Following
the validation exercise, the model will be extended to the more
complex two-dimensional hypervelocity projectile and predictions
of the wake structure will be performed.

An underwaterprojectile moving at high velocity is illustrated in
Fig. 1. The projectile has conical-shapedleading and trailing edges
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Fig. 1 Illustration of � ow around hypersonic underwater projectile.

and a cylindrical centerbody. It is propagating through liquid water
that is at standard-stateconditions ahead of the projectile.The pro-
jectile velocity is supersonic with respect to the liquid sound speed
(>1600 m/s). Thus, a shock wave is either present in front of the
body (bowshock as shown in the � gure), or attached to the leading
edge at an oblique angle relative to the oncoming � ow. Geometrical
effects then induce additional compression and rarefaction waves
as the � ow progresses over the body and encounters changes in the
surface � ow direction.Under certain conditionsthe expansionwave
producedby the geometryof the projectile trailingedge can result in
liquid vaporizationin the wake of the projectile. For simpli� cation,
the projectile will be assumed herein to be of constant shape and
size; i.e., surface erosion is not considered. The primary interest of
this study is on the � ow features around, and in the near wake of the
projectile.This de� nes length and time scales during which erosion
is not a dominant phenomena.

Depending on the local pressure and temperature of the � uid, a
wide range of thermodynamic states are possible in the compres-
sion and expansionregions surroundingthe projectile.For example,
when the incident � ow velocity is very high, the liquid compress-
ibility is important and strong shock waves (> 50 kbar) may be
present. On the other hand, gas-phase states are expected in the
wake of the projectile as a result of excessively low pressures (sub-
atmospheric). Between these two extreme pressure limits, partial
vaporizationstates are possible.This results in a two-phasemixture
where both liquid and gas are compressible.

In the following section,severalpossibleapproachesto model the
problem at hand are introduced. Following this is a discussion of
the proposed model that is based on the assumptions of an inviscid
compressible� ow modeland phaseequilibriumbetweenthe gas and
liquid. To complete the physical model it is necessary to develop
an equation of state that covers all � uid states possible: compress-
ible pure liquid, compressible two-phasemixture, and compressible
puregas (vapor). Accuracyof the resultingequationof state (EOS) is
demonstratedby comparing its predictionswith standardcompress-
ibility data for the respective phases. Following this, modi� cations
to thenumericalschemeto deal with � ows exhibitinghigh velocities
and low densities are discussed. In the results, a one-dimensional
problem with known analytic solution is modeled to show the capa-
bilities of the proposedmodel. The model is then applied to the two-
dimensional hypervelocity projectile under � ow conditions where
cavitation is present.

II. Flow Model
It is � rst necessary to develop a physical model of multiphase

hypervelocity� ow, where both phasesare compressibleand the � uid
states can range from pure liquid to pure gas throughout the � ow
domain. Several different approaches are possible and the relative
merit of each will be discussed before presenting the form of the
conservationequations selected for the present study.

One possible approach to modeling hypervelocity cavitation is
based on the two-phase formulation of the conservation equations.
Modelswhereboth phasesare compressibleare availablein the liter-
ature, such as the so-calledsix- and seven-equationmodels.7,8 How-

ever, thesemodelswere developedforvery different� ow conditions
than those consideredhere. In fact,when dealingwith hypervelocity
cavitation, these models present some major drawbacks. First, the
two-phase � ow equations are not valid in the limit of pure liquid
or pure gas � ows. Second, these models are not able to reproduce
the dynamics of an interface between two distinct phases of a � uid.
In fact, these two-phase formulationsof the conservationequations
are not accurate when dealing with discontinuities in volume frac-
tion. Evidence of this numerical dif� culy has been pointed out by
Rogue et al.9 These formulations of the conservationequations are
not mathematicallyclosed at the interface,correspondingto a mov-
ing boundary for each subsystem of equations. Another reason is
that nonconservativeterms in the conservationequationspose many
problems for numerical solutions. Consequently, numerical diffu-
sion from any method produces an arti� cial two-phase zone where
the pressure cannot be calculated correctly. The last drawback with
applying the two-phase � ow equations to hypervelocity cavitation
is related to correctlymodeling interphasemass transfercaused by a
pressuredrop.To date, no � nite rate mass transfermodel is available
for the pressure range and the time scales studied herein.

An alternativemethod to model cavitation in the wake of a high-
velocity projectile is to use the mixture approach.Here, the single-
phase � ow equationsare solved with an appropriateEOS to account
for the � uid’s mixture state. The dif� culty with this approach is that
one must specify an EOS that covers all possible � uid states: pure
liquid, two-phasemixture, and pure gas. In the next section,an EOS
satisfying these constraints will be developed.

The � ow model developed in this section is based on a single-
phase representationof the Euler equations.For the presentproblem
involving high-velocity � ows in dense media, the pressure levels
are typically very high (À10 kbar). Under these conditions, the
diagonal part of the stress tensor is dominant, and the deviatoric
part, containing viscous and dissipative terms, becomes negligible.
Consequently, the use of the Euler form of the equations is valid for
predictingthe qualitative shape of the cavitationenvelope. It should
be noted that the wake � ow� eld is strongly affected by the location
of boundary-layerseparation on the afterbody, and in the boundary
layer the diagonal part of the stress tensor, i.e., pressure terms, are
of the same order as some of the viscous terms. Thus, details of the
wake structure cannot be accurately modeled without resorting to a
viscous, i.e., Navier–Stokes, solution. It should also be emphasized
that special considerationmust be given to evaluating the � uid state
during phase change when the � ow is two phase. In the wake of the
projectile, the pressure drops to subatmospheric levels.

Our � ow model for the two-phase mixture induced by cavitation
effects is based on the assumption of local thermodynamic equi-
librium between phases. It speci� es local temperature and pressure
equality between phases. It also assumes that the gas and liquid
components of the two-phase mixture have local velocity equilib-
rium. Based on these equilibrium constraints, the density and spe-
ci� c internal energy of the mixture can be expressed as the volume-
weightedsum of the respectivephases.Under theseassumptions,the
fundamentalequations are the well-known Euler equations,written
here in conservative form with mixture variables:

¶ q

¶ t
C r ¢ ( q u) D 0,

¶ q u
¶ t

C r ( q u ­u C P) D 0

(1)
¶ q E

¶ t
C r ¢ [u( q E C P)] D 0

with

q D a g q g C a l q l , E D e C 1
2 u ¢ u

(2)
e D a geg C a l el , 1 D a g C a l

Here, subscript g refers to the gaseous (or vapor) phase, subscript l
refers to the liquid phase, and mixture variables are written without
any subscripts. For closure, it is necessary to develop an EOS that
works for pure liquid, pure gas, and a gas–liquid mixture.
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III. Equation of State
Previous studies have considered the liquid to be governedby the

so-calledstiffenedgasEOS.4 This typeof modelassumesthatduring
fast time scales, e.g., characteristic of these studies, mass transfer
cannot occur. Thus, the � uid remains a pure liquid, and the stiffened
gas EOS has been used to model the full range of liquid density.
For shock-compressed liquid states characteristic of hypervelocity
underwaterprojectile,thisEOS is reasonablyaccurate.However, for
densities lower than ambient, this EOS is no longer valid. In fact,
for the presentapplication,the liquid density is expectedto decrease
by three orders of magnitude in going from the compressed states
behind the leading shock front to the expanded � ow states present
in the wake of the projectile. When the stiffened gas EOS is used
with densities lower than ambient, the predicted pressure is not
reasonable.

More realistic EOSs that cover the range of densities of inter-
est are available. For example, the Van der Walls EOS,10 or the
more sophisticated EOS proposed by Saul and Wagner11 with 58
coef� cients, have been tested. However, when dealing with phase
transition, these EOSs are not compatible with the governing � uid
dynamic equations.The Euler equationsrequire a convexEOS.12,13

By de� nition, the EOS is convex if the Hessian matrix, composed
of the second derivatives of the EOS is positive de� nite:

¶ 2e

¶ q 2
> 0,

¶ 2e

¶ s2
> 0,

¶ 2e

¶ q 2

¶ 2e

¶ s2
¡

¶ 2e

¶ q ¶ s

2

> 0

The previouslymentioned EOSs are not convexand cannot be used
with thegasdynamicequations(exceptfor � ows with limiteddensity
variations). These EOSs present at least two points in the saturation
zonewhere the secondderivativeschangesigns, i.e., spinodalpoints.

The previous considerations have driven the need to construct
a new EOS based on the assumption of local phase equilibrium
during phase change.For each pure � uid phase, an appropriateEOS
is selected and validated over a wide range of states. These pure-
� uid EOSs are then linked together to yield a more general EOS
that can accurately cover the entire range of possible � uid states.
It should be emphasized that the resulting EOS is not valid for
supercritical � uids. For the present applications, however, pressure
and temperature conditions are such that supercritical � uid states
are not expected. This statement will be validated later.

A. Liquid Phase EOS

An establishedEOS for modeling liquid water as a compressible
� uid is the so-called Tait EOS.14 This EOS was developed for mod-
eling the response of liquid water to underwater explosions, and is
given as

P D K0 ( q / q 0)
n ¡ 1 C P0 (3)

where P0 and q 0 are pressure and density at standard-statetempera-
ture, respectively. Parameters K0 and n are weak functions of tem-
perature and pressure. Here, they are assumed constant: n D 7 and
K0 D 3 £ 108 Pa (for water). Modi� cations are proposed to adapt
Eq. (3) to treat the saturated liquid component of a two-phase mix-
ture. To achieve this the reference properties are changed from P0

and q 0 to the temperature-dependent saturationpressure Psat(T ) and
the corresponding liquid saturation density q lsat(T ), respectively.
With thesechanges,Eq. (3) representsa family of self-similarcurves
in the (P, q ) plane,having theiroriginon the liquid-vaporsaturation
curve. With the change in reference states, Eq. (3) becomes

P D K0
q

q l sat(T )

n

¡ 1 C Psat(T ) (4)

The caloricEOS that is thermodynamicallyconsistentwith Eq. (3)
is a constant speci� c heat relation:

el(T ) D Cvl (T ¡ T0) C el0 (5)

where Cvl is the speci� c heat at constant volume (4.18 kJ/kg K for
water), T0 is the reference temperature (273.15 K), and el0 is the
reference energy at this temperature (0. 617 kJ/kg).

B. Gas-Phase EOS

For water in its vapor phase, the ideal gas EOS is used:

P D q RT (6)

where R D OR/ OM representsthe gas constant( OR is the universalcon-
stant and OM the molar mass). The correspondinggas-phase caloric
EOS is

eg (T ) D Cvg(T ¡ T0) C Lv(T0) C el0 (7)

where Lv represents the latent heat of vaporization.

C. Saturation EOS

Two-phase mixtures de� ned by a unique (P, T ) state in the
saturation region are assumed to be in equilibrium: Pl D Pg D P
and Tl D Tg D T , where the pressure equals the saturation pressure
P D Psat(T ), and the temperature is equal to the saturation tempera-
ture: T D Tsat. The relationbetweenpressureand temperatureduring
phase change is given in a convenient form in Ref. 15:

(Psat/ P0) D (Tc/ Tsat) a1 h C a2 h
1.5 C a3 h

3

C a4 h
3.5 C a5 h

4 C a6 h 7.5 (8)

Equation (8) is the barotropic EOS, where h D 1 ¡ T / Tc and
Pc and Tc represent the critical pressure and temperature, respec-
tively. The critical conditions for water are Pc D 22.64 £ 105 Pa,
Tc D 647.14K, and q c D 332kg/m3 . The otherparametersforEq. (8)
are given in Table 1.

For the two-phase states, the temperature is determined from the
de� nition of the internal energy of the mixture:

e(T ) D f[ a g q g sat(T )Cvg C a l q l sat(T )Cvl ](T ¡ T0)

C a g q g sat(T )Lv(T0)g/ q C el0 (9)

The liquidand gas densitiesalong the saturationcurveare also given
in Ref. 15:

q l sat(T )
q c

D 1 C b1 h
1
3 C b2 h

2
3 C b3 h

5
3 C b4 h

16
3 C b5 h

43
3 C b6 h

110
3

(10)

q g sat(T )
q c

D c1 h
2
6 C c2 h

4
6 C c3 h

8
6 C c4 h

18
6 C c5 h

37
6 C c6 h

71
6

(11)

The volume fractions are determined by Eq. (2) and the de� nition
of the mixture density:

q D a g q g sat(T ) C a l q l sat(T ) (12)

Equations(8–12) representa closedalgebraicsystem that permits
the solution of all thermodynamic variables for equilibrium states
inside the saturation zone.

Table 1 Parameters of the saturation equations
from Oldenbourg15

Coef� cient
Index a b c

1 ¡7.85823 1.99206 ¡2.02957
2 1.83991 1.10123 ¡2.68781
3 ¡11.7811 ¡0.512506 ¡5.38107
4 22.6705 ¡1.75263 ¡17.3151
5 ¡15.9393 ¡45.4485 ¡44.6384
6 1.77516 ¡6.75615£ 105 ¡64.3486
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D. EOS Solution Procedure

When the mixture form of the conservation equations [Eq. (1)]
are solved, all mixture variable are determined throughoutthe com-
putational domain: q , u, and e. The appropriate EOS is then used
to determine all other thermodynamic variables. The solution pro-
cedure starts with an estimation of the local temperature.Using the
estimated temperature,one determines the liquid and gas saturation
densities by Eqs. (10) and (11), respectively. If the mixture den-
sity q (determined from the conservation equations) is higher than
the liquid saturation density for this temperature, then the � uid is
pure liquid and the pressure is calculated by Eq. (4), and the new
temperature by Eq. (5). Two others cases are possible. First, the
mixture density may be lower than the saturationgas density. Here,
the pressure is determined by Eq. (6) and the new temperature by
Eq. (7). Second, when the mixture density is between the liquid
and gas saturationdensities, the volume fractionsare determinedby
Eqs. (12) and (2), the pressure by Eq. (8), and the new temperature
by Eq. (9). If the new temperature is equal to the initial estimated
temperature, then the thermodynamic state is uniquely determined.
Otherwise, one uses the last temperatureas an initial estimation and
the process is iterated. This procedure quickly converges without
dif� culty.

E. Accuracy of the EOS

It is known that the TaitEOS is accurate11 for high-pressureliquid
states. However, in the present study, the � uid states can also exist at
relatively low pressures, near the liquid-gas-phase transition zone.
Thus, for completeness, it is necessary to examine the accuracy of
the EOS in the vicinity of the vapor– liquid saturation region.

Figure 2 represents various isothermal curves for pure water in
the (P, q ) plane. The modi� ed Tait EOS (shown as solid lines) is
perfectly connected to the liquid saturation curve over a range of
temperatures.Also shownon thisgraphare experimentaldatapoints.
For temperatures lower than 560 K, the Tait EOS agrees well with
the data over pressures ranging from saturation through 300 atm.
For temperatures between 560 and 600 K, deviations between the
data and EOS are noticeable. In fact, when approaching the critical
point, nearly all EOSs present the same inaccuracies.Similarly, the
isotherms computed from the ideal gas EOS are not well connected
to the gas-saturation curve. As demonstrated in the following sec-
tions, the anticipatedmaximum temperature for all cases is less than
600 K.

Finally, it is clear that the isotherms inside the saturation region
are straight lines. This means that supercritical states are not con-
sidered as previously mentioned by the equilibrium assumption. A
consequenceof this is that the second derivativesof the EOS are al-
ways positive, and the correspondingEOS is suitable for resolution
with the Euler equations.

Fig. 2 Computed and experimental isotherms for water: ——, chosen
equation of state; and – – – (with dots), represent experimental data.

IV. Numerical Solution
To accurately compute the various discontinuities present in the

� ow, the two-dimensional axisymmetric Euler equations [Eq. (1)]
are written in conservativeform:

¶ U
¶ t

C
¶ F
¶ z

C
¶ G
¶ r

C H D 0 (13)

with

U D ( q , q u, q v, q E)T

F D [q u, q u2 C P, q uv, u( q E C P)]T

G D [ q v, q uv, q v2 C P, v( q E C P)]T

H D 1/ r [q v, q uv, q v2, v( q E C P)]T

The conservative formulation is often used when dealing with
aerodynamicapplications.However, it canbe shown that when deal-
ing with � ows where the total energy is dominatedby kineticenergy,
this formulationcan result in very large errors in the internal energy
calculation. As a consequence, the predicted temperature can be in
error.16¡18 Accurate prediction of temperature is very important in
hypervelocity cavitation because it determines the � uid phase (liq-
uid, gas, two phase, or supercritical) and is used in the computation
of pressure. It has been shown recently by Cocchi et al.16 that when
solvingtheEulerequationsforpuregas � owswith the idealgasEOS,
all conservative schemes (even high-resolutionones) fail when the
total energy is mainly kinetic and the density tends to zero. The
present hypervelocity cavitation problem is characterized by these
same conditions.To illustrate the errors produced by applying con-
servativemethods to the presentproblem,a simple one-dimensional
test case is solved.

Consider a tube � lled with a constant speci� c-heat perfect gas,
initially at uniform pressure and density. Initially, the � uid occu-
pying the right-half of the tube is set into motion to the right, and
the � uid on the left-half of the tube is set into motion in the op-
posite direction. The initial conditions chosen for this example are
u0 D 500 m/s, P0 D 105 Pa, and q 0 D 1 kg/m3 , and the ratio of spe-
ci� c heats c is equal to 1.4. These conditions do not correspond
to the creation of a strong vacuum, but do illustrate a case where
a fairly large decrease in � uid temper ature is expected. The initial
conditions are illustrated in Fig. 3. The exact solution of this test
problem consists of two rarefaction waves, one propagating to the
right and the other to the left. The exact solutioncan be obtainedan-
alytically. The results obtained with various conservative schemes
are represented in Fig. 4. Compared are the Godunov-type meth-
ods with exact and approximate Riemann solvers (HLLE, Einfeld
et al.17), high-order or low-order, and also centered methods, such
as the MacCormack scheme.19 All conservativemethods fail to re-
solve the rarefactionwaves accurately.One can noticea nonphysical
entropy production (Fig. 4) and a strong temperature increase at the

Fig. 3 Initial conditions and resulting characteristics for test problem
consisting of opposing rarefaction waves.
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Fig. 4 Entropy and temperature pro� les obtained with the conserva-
tive formulation and various numerical schemes for the test case illus-
trated in Fig. 3: ————, exact solution.

center of the physical domain (Fig. 5). These artifacts are not ac-
ceptable for the present applicationwhere phase change is expected
to occur. Indeed, the erroneous temperature increase in the context
of the cavitation problem is likely to produce arti� cial thermody-
namic conditionscorrespondingto a supercritical� uid. These errors
are a result of an erroneous estimate of the velocity, resulting in an
error in the kinetic energy.These errors propagateto the internal en-
ergy and temperaturebecause they are obtained by the combination
of total and kinetic energies. One way to overcome this problems
is to solve the energy equation in terms of internal energy instead
of total energy. This procedure is not conservative, but it has been
shown that strict conservativity is not required to obtain accurate
solutions.20 But, of course, conservativity must be maintained as
much as possible. In one dimension, the internal energy equation is
written as

¶ q e

¶ t
C

¶ q eu

¶ x
D ¡P

¶ u

¶ x
(14)

Equation (14) is solved in conjunction with the mass and mo-
mentum equations and forms a nonconservativesystem. When this
system of equations is solved for the problem illustrated in Fig. 3,
the results are acceptable and major errors in the temperature pre-
dictions have been reduced (Fig. 5).

The nonconservativesystem cannot be used for the solution in all
con� gurations. In particular, it cannot be used for capturing shock
waves. To overcome this dif� culty a hybrid formulationof the equa-
tionshas beendeveloped.There is noneed to change the formulation
of the mass and momentum equationsfor the hybrid solution.How-
ever, for capturingshockwaves, the energyequationmust be written
in conservativeform [Eq. (13)]. Other � ow regimes are more favor-
ably handled, in particular rarefactionwaves, if the energy equation

Fig. 5 Entropy and temperature pro� les obtained with the noncon-
servative formulation and various numerical schemes for the test case
illustrated in Fig. 3: ————, exact solution.

is written in terms of internal energy. In one dimension, the energy
equation is then replaced by a mixed formulation [Eq. (15)]:

¶ q e C b (0.5 q u2)
¶ t

C
¶ q eu C b (0.5 q u2 C P)u

¶ x
D ¡(1 ¡ b )P

¶ u

¶ x
(15)

where b is a shock wave sensor: b D 1 at shock waves and b D 0
otherwise.

Here, thearti� cialviscosityofRichtmyerandMorton21 is usedfor
the one-dimensionalcalculations as a shock indicator. It is de� ned
by

If D D u i C 1 ¡ ui ¡ 1 ¸ 0 then Sshock D ( q / P) D 2

else Sshock D 0

If Sshock > 0.01, then we employ the conservative formulation by
imposing b D 1 in Eq. (15).

Here, a modi� cation of the MacCormack scheme is used to nu-
merically resolve the equations. As demonstrated previously, it is
possible to build an accurate method on the basis of the hybrid sys-
tem, e.g., a Godunov-type scheme. However, these methods need
an exact (or approximate) Riemann solver. In the context of the hy-
pervelocity cavitation problem with a complicated EOS, it is not
reasonable to use such methods. For the present application,a cen-
tered scheme, e.g., MacCormack, is preferred. This method does
not require a Riemann solver.

The system of conservationlaws is written in a two-dimensional
hybrid formulation. In integral form, it is written as

¶
¶ t

Z

\

U d \ C
Z

s

F ¢ dS C
Z

s

B(V ¢ dS) C
Z

\

H D 0 (16)
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Fig. 6 Control volume and normal vectors used in formulation.

with

U D q , q u, q v, q e, 1
2
b q (u2 C v2)

T
, F D ( f, g)T

f D q u, q u2 C P, q uv, u q e C b P C 1
2
q (u2 C v2)

T

g D q v, q uv, q v2 C P, v q e C b P C 1
2
q (u2 C v2)

T

B D [0, 0, 0, (1 ¡ b ) P]T , V D (u, v)T

H D 1/ r [q v, q uv, q v2, v( q E C P)]T

Equation (16) applied to the control volume of Fig. 6 is written
as

¶ (Ui, j \ i, j )
¶ t

C
X

sides

F ¢ S C Bi, j

X

sides

V ¢ S C Hi, j \ i, j D 0 (17)

Equation (17) is solved by the second-order-accurate MacCor-
mack scheme on a quadrilateral composed mesh. Equation (17) is
discretized in two steps. The predictor step writes:

NUi, j D Un
i, j ¡ ( D t/ \ i, j )[ U p(Fi, j ) C Bi, j U p(Vi, j )] ¡ D tHi, j (18)

where for a vector Ai, j , the function U p is expressed by

U p(Ai, j ) D An
i C 1, j ¢ Si C 1

2 , j C An
i, j C 1 ¢ Si, j C 1

2
C An

i, j ¢ Si ¡ 1
2 , j

C An
iC1, j ¢ Si, j ¡ 1

2

The corrector step is de� ned by

NNUi, j D Un
i, j ¡ ( D t / \ i, j )[ U c( NFi, j ) C Bi, j U c( NV i, j )] ¡ D t NHi, j (19)

where for a vector Ai, j , the function U c is expressed by

U c( NAi, j ) D NAn
i, j ¢ Si C 1

2 , j C NAi, j ¢ Si, j C 1
2

C NAn
i ¡ 1, j ¢ Si ¡ 1

2 , j

C NAn
i, j ¡ 1 ¢ Si, j ¡ 1

2

The � nal expression of vector U at time tn C 1 is obtained by

Un C 1
i, j D 1

2 ( NUi, j C NNUi, j ) (20)

followed by a standard second-orderarti� cial viscosity step:

QUn C 1
i, j D Un C 1

i, j C g Un C 1
i C 1, j ¡ 2Un C 1

i, j C Un C 1
i ¡ 1, j C Un C 1

i, j C 1

¡ 2Un C 1
i, j C Un C 1

i, j ¡ 1

The arti� cial viscositycoef� cient g has been determinedby numer-
ical tests to be as small as possible and to preserve oscillation-free
solutions. For the meshes we have used, and under the stiff condi-
tions of our problems, a typical value for g is 10¡2 .

The time step D t is chosen to ful� ll the Courant–Friedrichs–

Lewy (CFL) criterion. In the computations we have used the fol-
lowing de� nition:

D t D CFL £ min
(i, j )

£

0

@ \ i, j

Vi, j ¢ Si h ¡ 1
2 , j C Vi, j ¢ Si, j ¡ 1

2
C c0 Si C 1

2 , j

2 C Si, j C 1
2

2

1

A

where c0 is the liquid sound speed under atmospheric conditions,
and CFL has been chosen equal to 0.3.

At the beginning of each time step, the value of the shock wave
sensor b is computed. At each mesh point, the two different forms
of the energy � ux are computed. Indeed, a mesh point where b D 0
may be a neighbor with a point where b D 1. The � ux differences
must always be performed with the same � uxes: conservative or
nonconservative.Therefore, the two � uxes are necessaryat all mesh
points. This modi� ed MacCormack scheme is now used with the
cavitation model for several one- and two-dimensional test cases.

V. Results
A. One-Dimensional Cavitation Tube

To test the numerical accuracy of the proposed model, a one-
dimensional test case similar to the previous test case (Fig. 3) is
modeled. This example corresponds to a tube of arbitrary length,
initially � lled with liquid water at atmosphericconditions.The � uid
in the left chamber has an initial velocity of ¡3000 m/s, whereas
the � uid in the right chamber is moving at the same velocity in
the opposite direction. The solution to this test case corresponds to
two rarefaction waves running in opposite directions, resulting in
vaporizationof the liquid in the central region.

Results of various propertiesare shown at 30, 60, 90, and 120 l s
in Fig. 7. Figure 7a shows the velocity pro� les. The � uid velocity
decreases across the rarefactionwaves reaching zero velocity at the
center of the domain. These strong rarefactionwaves (right and left
running) inducea strong decreasein densityfrom the initial valueof
1000 kg/m3 to pure vapor values»3 orders of magnitude less dense
(Fig. 7b). Similarly, the pressure represented in Fig. 7c decreases
across the rarefaction waves and reaches the saturation pressure at
the corresponding temperature. Vapor is being produced at a con-
stant temperature because of the assumption of local equilibrium
during phase change. When the � uid becomes a pure gas, the rar-
efaction effects continue, and the gas temperature again decreases
(Fig. 7d). These effects are clearly visible on the pressure pro� les
(Fig. 7c). The pressure decreases abruptly in the pure liquid, then
reaches the saturation pressure and remains constant. It then de-
creases again in the pure gas phase near the center of the domain.
One can also notice that the temperature at the center of the domain
does not demonstrate an unphysical increase in the gas region, a
feature observed when the conservative form of the equations are
solved(Fig. 4). Here, the hybrid formulationallows the computation
of physically reasonable results. For the initial conditions studied,
the two rarefaction waves are suf� ciently strong to evaporate all
of the liquid. Across these waves, the gas volume fraction starts at
a g D 0 and reaches a g D 1 progressively (Fig. 7e).

The rarefaction-drivenvaporizationobserved in this one-dimen-
sional test case is representative of what will occur in the wake
of the two-dimensional hypersonic projectile. Before proceeding
to the two-dimensional computation, the model and the solution
method will be tested with an additional one-dimensional test case
corresponding to shock-drivencondensation.

B. One-Dimensional Shock-Condensation Tube

We now consider a shock-tube test case where the � uid exhibits
phasetransition.Here, a 1-m-lengthtube is � lledon the left-halfwith
a high-pressure liquid (water) at the initial density of 1200 kg/m3,
and on the right-half with a two-phase (liquid/vapor) mixture at an
initial density of 500 kg/m3. Initially, the two � uids have a common
temperature of 300 K. The two-phase mixture is composed of 50%
liquid and 50% vapor on a mass basis.
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Fig. 7 Flow variable pro� les for the one-dimensional cavitation test problem (Fig. 3) at 30, 60, 90, and 120 ¹s.

Figure 8 shows the various property pro� les at 75, 150, 225, 300,
and 375 l s to illustrate the wave propagation. Initially, the high-
pressure chamber communicates with the low-pressure side, and a
strong rarefaction wave facing to the left propagates into the liquid
while a shock wave propagates into the two-phase mixture on the
right (Fig. 8a). Across the shock wave, the density increases from
the ambient 500 kg/m3 to a shock-compressed 1040 kg/m3. Con-
sequently, the vapor contained in the two-phase mixture condenses
instantaneouslyacross the shock wave. The plateauof density of the
shocked mixture and expanded liquid are the same. In the numeri-
cal solution procedure used in this study, the Tait EOS is activated
when the local � uid state reaches pure liquid density values. This
EOS generatesonly two characteristicdirectionsfor the wave prop-
agation (u § c) with our � ow model. Indeed, it is uncoupled from
the temperature, and the expected contact surface is not present on
the density pro� les.

The shock-wave indicator b is represented in Fig. 8b. This pa-
rameter tracks the shock-wave’s position. Its value is equal to unity
for meshes correspondingto the shock-wavecapturing.The conser-
vative formulation of Eq. (15) is used only for these mesh points;
i.e., b D 1. Elsewhere in the solution domain, the nonconservative
formulation of Eq. (15) is used ( b D 0).

Figure 8c shows the vapor volume fraction. It shows that the
vapor in the two-phase mixture is condensed immediately behind
the shock wave. The gas-volume fraction starts from a g D 0.5 and
reaches a g D 0 across this wave.The condensationphenomena is in-
stantaneous in the model because it assumes local thermodynamic

equilibrium. In reality, there is a � nite time required to achieve
equilibrium, which has the effect of smearing out the discontinous
pro� les. Thus, the shock wave adjusts its intensity regarding all hy-
drodynamic and phase-changeprocesses and there is no relaxation
process behind the shock wave. This is shown on the velocity and
pressure pro� les of Figs. 8d and 8e.

The temperature pro� les are represented in Fig. 8f. The � uid
increasesin temperatureacross the shockwave and decreasesacross
the rarefaction waves. A contact surface is clearly visible between
these two regions. One can also notice that the wave propagation is
very different in the pure liquid and the two-phase mixture.

This shock-driven condensation test case puts in evidence the
various phenomena occurring in such a � ow, and demonstrates that
the model can predictcondensationas well as cavitation.The results
predicted by the model are consistent with the expected results.

C. Two-Dimensional Hypervelocity Projectile Simulations

The following two-dimensional, unsteady calculations initiate
with water (100% liquid) at atmospheric pressure and temperature
� owing over a projectile with a � nite velocity imposed at the in� ow
boundary. For all two-dimensional simulations presented here, the
boundary conditions are the same. The projectile surface is treated
as a rigid wall with centerline symmetry. The out� ow and upstream
boundaries are treated as nonre� ecting boundaries. At the in� ow
boundary on the left-hand side, the � uid is pure liquid and moving
at 3000 m/s (supersonic relative to the liquid sound speed). The
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Fig. 8 Flow variable pro� les for a one-dimensional shock condensation test problem at 75, 150, 225, and 300 ¹s.

Fig. 9 Shape and dimensions of the two-dimensional hypersonic
projectile.

projectile has dimensions shown in Fig. 9. Because the in� ow is
supersonic,a detachedshock wave is expected in front of the obsta-
cle, as represented in Fig. 1. On the two angular points connecting
the cones to the cylindrical portion, strong rarefaction waves are
expected, possibly capable of inducing cavitation.

Density contours are presented in Fig. 10 at 75 l s increments
to illustrate the unsteady shock wave and formation of a cavitation
pocket. This is the most representative � ow variable for the hyper-
sonic projectile case. Initially, the computational domain contains
pure liquid. Cavitation begins between the two trailing-edgeangu-
lar points and forms a pocket impinging on the symmetry axis. The
predictions show the cavitation pocket is stable. The � nal time rep-

resents a steadygas pocket that exits the computationaldomain.The
large scale of the density variations (0–1350 kg/m3 ) required to il-
lustrate the cavitationpocketmakes it dif� cult to representdetailsof
the � ow internal to the wake. However, it is possible to show a mag-
ni� ed view of the steady-statedensity contours internal to the wake.
Figure 11 shows density contours ranging between 0 and 70 kg/m3

to help illustrate the recompression shock that appears in the � ow
when the � uid trajectories impinges the symmetry axis. This shock
wave does not have a major in� uence on the � uid density variations
of the cavitation pocket.

The gas-volume fraction is a choice variable for visualizing the
cavitation zone. Figure 12a shows the gas-volume fraction corre-
sponding to the last instant (375 l s) shown in Fig. 10, i.e., steady-
state condition. Here, cavitation begins at the � rst angular point
connecting the nose to the cylindrical portion of the obstacle, and
complete vaporization is reached when the � ow expands at the
trailing-edge angular point. Maximum gas-volume fraction is ob-
tained in the wake of the projectile and corresponds to »98% gas.
Figure 12b represents a plot of the correspondinggas-volume frac-
tion measuredalong the projectile surface.Note that a pure gas zone
is not achievedbecauseof numericaldiffusionof the densitydiscon-
tinuity.It is well knownthatdensitydiscontinuityis themost dif� cult
discontinuity to handle in compressible � ows. Along a radius nor-
mal to the centerline,the density pro� le evolvesas shown in Fig. 13.
Numerical diffusion induces a smoothed contact discontinuity. To
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Fig. 10 Density contours (kg/m3) at 75, 150, 225, 300, and 375 ¹s
(top to bottom) showing the unsteady evolution of the shock wave and
cavitation pocket for the two-dimensional projectile shown in Fig. 9.

Fig. 11 Magni� ed view of the density contours (kg/m3 ) corresponding
to t = 375 ¹s in Fig. 10.

reduce the effect of numerical diffusion,we have used a mesh com-
posed of 152 cells along the longitudinal direction and 45 radial
cells. With a coarser mesh, the maximum gas-volume fraction de-
creases, indicating that numerical diffusion is responsible for this
defect.

Figure 14 representsthe temperaturecontours.Similar to the den-
sity contours, the temperature increases at the shock wave, then this
� uid is convected along the projectile and decreases in temperature
across rarefactionwaves. One can notice that the temperature levels
are always moderated and never correspond to supercritical � uid.
Thus, the EOS is only being applied to � uid states where it shows
high accuracy.

D. Parametric Study

A study was performed on the in� uence of in� ow velocity and
of the angle of attack of the projectile on the size of the cavitation
pocket.For comparisonpurposes,the heightof the cavitationpocket
is computed at the axial distance of 4L (L is de� ned in Fig. 9) in the
wake of the projectile. For all cases studied, the height and length
of the projectile are held constant. The boundary of the envelope is
de� ned as the radial locationwhere the gas-volumefraction reaches
the value of 0.3. Results are summarized in Fig. 15.

Fig. 12 Gas-volume fractions at time frame t = 375 ¹s in Fig. 10:
a) contours and b) pro� le measured along the projectile axis.

Fig. 13 Illustration of numerical diffusion in density pro� le along axis
normal to centerline.

Fig. 14 Temperature contours (K) at t = 375 ¹s time frame shown in
Fig. 10.

The nose of the projectile is a ramp behind which a cavitation
pocket develops. For a given in� ow Mach number, the dimension-
less pocketheightY /L increaseswhen the cone angle also increases.
Also, for a givenangle, the pocket size increaseswhen in� ow veloc-
ity increases. But when the attack angle reaches 45 deg, the pocket
height no longer depends on the attack angle and in� ow velocity.
For the high-velocity� ows we are studying here, the ramp effect is
eliminated for an attack angle larger than 45 deg.

We now investigatethe in� uence of the height H of the projectile
(the radius of the cylindrical portion) on the height of the cavitation
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Fig. 15 Variation of the steady-state dimensionless pocket height Y/L
at various in� ow Mach numbers.

Fig. 16 Variation of the steady-state dimensionless pocket height Y/H
as a function of projectile height H.

pocket (Y /H ). Results are represented in Fig. 16. This � gure shows
that the dimensionless heights of the cavitation pocket at 4L in the
wake of the projectile do not depend on the height of it. These
calculations have been performed for an in� ow Mach number of 2
and a constant attack angle of 30 deg.

VI. Conclusions
A model for cavitation at high velocity has been developed. It

takes into account liquid, gas, and mixture compressibility effects.
It is based on the construction of an EOS, that connects the com-
pressible Tait EOS for the pure liquid, and the ideal gas law for pure
vapor, to the saturation curve. The mixture properties are deduced
from the phasediagramof water, under theassumptionof thermody-
namic equilibrium and for thermodynamic states below the critical
point.

The � ow model is cast in a manner similar to the Euler equations.
It has been shown that their solution is dif� cult for high-velocity
� ows when dealingwith cavitationapplications,even with pure gas.
The solution proposed herein is a modi� cation of the MacCormack
scheme.

The model is tested on one-dimensional applications and shows
a reasonable agreement with phenomena that are expected. It is
then applied to the two-dimensionalcase for the computationof the

cavitation effects in the wake of a hypervelocity projectile. Again,
results show a reasonable agreement. Following this a parametric
study is developedabout the geometricalparameters and the in� ow
Mach number on the size of the cavitation pocket.
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